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Abstract In this paper we investigate a boundary value problem for a coupled non-
linear differential system of fractional order. Under appropriate hypotheses and by
applying the critical point theorem, we obtain some new criteria to guarantee that
the fractional differential system has infinitely many weak solutions. In addition, an
example is given to illustrate the main results.
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1 Introduction

In this paper we are concerned with the existence and multiplicity of weak solutions
for the following fractional differential system
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(D (a(t)oDu(t)) = % Fu(t, u(t), v(t)) + ki (u(0), 0<t<T,
DY (b @)oDlv(1)) =0 Fo(t, u@t), v(0) + haw(@)), 0 <t <T, (L)
u(0) = u(T) =0, v(0) =v(T) =0,

where )\ is a positive real parameter, 0 < o, 8 < 1, a,b € L*°[0, T] with ay :=
essinfjp,rja(t) > 0 and by := essinfg,71b(t) > O, OD,V and tD? denote the left
and right Riemann—Liouville fractional derivatives of order y respectively, and F :
[0, T] x R2 — R is a function such that F (-, x, ) is continuous in [0, T] for every
(x,y) e R%and F (¢, -, -) isa C' function in R? for any ¢ € [0, T'], and F,,, F, denote
the partial derivative of F, with respect to u, v respectively. i1, i : R — R be two
Lipschitz continuous functions with the Lipschitz constants L1, L, > 0; i.e.,

|hi(x1) = hi(x2)| < Lilxi —x2f, i =1,2 (1.2)

for every x1, x € R, satistying #;(0) =0,i =1, 2.

Fractional differential equations have gained importance due to their numerous
applications in various fields of science and engineering, such as fluid flow, diffusive
transport akin to diffusion, rheology, probability, electrical networks, etc. For details,
see [1-3]. Recently, a great deal of work has been done in the study of the existence and
uniqueness of solutions to nonlinear fractional differential equations (see [1-10,31-
33] and the references therein). Some classical tools have been used to investigate such
problems in the literature, such as some fixed point theorems in cones, the coincidence
degree theory of Mawhin, and the method of upper and lower solutions with the
monotone iterative technique. The study of a coupled system of fractional order is
also very significant because this kind of system can often occur in applications; (see
[11-15]). Using the Krasnoselskii’s fixed point theorem and the nonlinear alternative
of Leray—Schauder theorem in a cone, Bai and Fang [11] studied the existence of
a positive solution to singular coupled system of fractional order. By applying the
Schauder fixed point theorem, Ahmad and Nieto [13] discussed the existence of a
coupled differential system of fractional order with three-point boundary conditions.

On the other hand, critical point theory has been very useful in dealing with the exis-
tence and multiplicity of solutions for integer order differential equations with some
boundary conditions. We refer readers to the books due to Mawhin and Willem[18],
Schechter[19], and the papers [20-24] and the references therein. But until now, there
are few works that deal with the fractional boundary value problems and boundary
value systems via the variational methods; see [16,17,25-30]. Besides, itis worth men-
tioning that the fractional calculus of variations was introduced in [25]. By means of
critical point theory, Jiao and Zhou [16] considered the following fractional boundary
value problems

DS (oDu(t)) = VF(t,u(r)), ae.r€l0,T],
u(0) = u(T) =0,

where o € (0, 1], D7 and ; D7 are the left and right Riemann—Liouville fractional

derivatives respectively. F_: [0, T] X RN — R (with N > 1) is a suitable given
function and V F (¢, u) is the gradient of F with respect to u.
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Infinitely many solutions for fractional differential . . . 591

In [28], Bai investigated the following perturbed nonlinear fractional boundary
value problems
D7 (0 Dfu(t)) =ra) f(u(®) + png(t, u()), ae.re0,T], (1.3)
u(0) =u(T) =0, '

where o € (0, 1], , u are non-negative parameters, a : [0,7] - R, f : R - R
and g : [0, 7] x R — R are three continuous functions. By using a recent critical
point theorem of Bonanno and Molica Bisci [21], the existence of infinitely many
solutions for the problem (1.3) depending on two parameters are obtained.

In[15], By applying the critical point theorem due to Bonanno and Marano [22], we
provided a new approach to studied the existence of weak solutions for the following
fractional differential system

,D‘;(a(t)on‘u(t)) =\NF,(t, u(@),v(), 0<t<T,
DY (b(0)oDPv(1)) = % Fy(t,u(0), v(1)), 0 <t <T, (1.4)
uQ) =u(T)=0, v(0)=v(T)=0.

The main result is as follows.
In this article, we need the following conditions.
(H0) § <a, B <1.
(H1) F:[0,T] x R2 — R be a function such that F(-, u,v) is continuous in [0, T']
for every (u, v) € R2?, F(t,-,-) isa C! function in R2.

Put
T2a—1 TZ“}_1
M = maxl (T(a)2apRa — 1)" (T (B))2bo(28 — 1) ] ,
T2a Tzﬁ
b max I M@+ D)%a0’ B+ 1)ho ] ' "

Theorem 1.1 ([15, Theorem 3.1]) Assume that F(t,0,0) = 0 forall t € [0, T] and
(HO),(H1) hold. Furthermore suppose that there exist a constant r > 0 and a function
w = (w1, wp) such that

(CD) llo1lg + w2l > 2r;
foT SUP e peqmr F (. & ndt - 2 fOT F(t, 01 (), ox(1)dt
r lorll2 + llw2
F(t, & n) foT SUP e e F &, ndt

(€2)

(C3) liminf|$|—>+oo,|n|—>+oo

< 9
HEENTE 2Lr
where Q(Mr) = {(&,n) e R*: 1[&]> + Ln> < Mr).
Then, for each

lollg + lloall , [
T b
Jo SUPe peamr Ft & mdt
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the coupled system (1.4) has at least three distinct weak solutions.

Motivated by the above work, in this paper we devote to study the multiplicity of
weak solutions of problem (1.1) via variational method. To our knowledge, the study
of solutions for nonlinear fractional differential system using variational method has
received considerably less attention. Our main contributions in this article include two
aspects. Firstly, we successfully construct a suitable space and obtain a variational
functional for problem (1.1), and consequently establish some new results for the
existence of infinitely many solutions of problem (1.1) using the critical point theorem.
Another contribution is that, through this work, we have successfully shown that the
critical point theory is an effective approach to deal with the existence of solutions for
fractional differential system. The rest of the article is organized as follows. In Sect. 2,
some definitions and lemmas that will be useful for our main results are given. In Sect.
3, Several criteria for the existence of infinitely many weak solutions of the coupled
system (1.1) are established and an example is presented to illustrate the main results.

2 Preliminaries

To construct appropriate function spaces and apply critical point theory to investigate
the existence of solutions for problem (1.1), we need the following some basic notations
and results which will be used in the proof of our main results.

Let C3°([0, T1, RN) be the set of all functions x € C§°([0, T, RN) with x(0) =
x(T) = 0 and the norm

lx[loo = maxpo, 77 [x(1)]. 2.1)

Denote the norm of the space L” ([0, T'], RN) for 1 < p < oo by

T 1/p
lxllzr = (/0 Ix(s)lpa’s) )

The following lemma yields the boundedness of the Riemann-Liouville fractional
integral operators from the space L? ([0, T], RN) to the space L7 ([0, T, RYN), where
1<p<oo.

Lemma 2.1 ([17]) LetO<a <1, 1 <p <ooand f € LP([0, T], RN). Then

o

t
D¢ <— , T € [0,¢],t €[0,T],
loDg ™ fllzro.)) < Mot 1)||f||LP([0,t]) or £ €[0,7],1€[0,T]

where oD; © is left Riemann—Liouville fractional integral of order a.

Definition 2.2 Let 0 < o < 1. The fractional derivative space Ef is defined by the
closure of C3°([0, T'], R), that is

,T1,R)
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with respect to the weighted norm

1/2

T T
lullg = (/ a(t)lODf‘u(t)|2dt+/ |u(t)|2dt) , Vu e E. (2.2)
0 0

Clearly, the fractional derivative space E{ is the space of functions u € L?[0, T]
having an «-order fractional derivative o Dffu € L2[0, T] and u) = u(T) = 0.
From [17, Proposition3.1], we know for 0 < o < 1, the space Eg is a reflexive and
separable Banach space.

Lemma 2.3 ([15]) Let0 <« < 1. Foranyu € Eg, we have

T T N ) 1/2
lull 2 < W+—W (/0 a®) oDy u(t)] dl‘) . (2.3)
Moreover, if a > %, then
TO!—% T ) 1/2
lulloo < N (/0 a(®)|oDy u(r)| ) . 2.4

By (2.3), we can consider E{ with respect to the norm
1/2

T
lulle = (/ a(t)lon‘u(t)Izdl) ., Yu e Eg, (2.5)
0

which is equivalent to (2.2).
For further purpose we will consider the fractional derivative space Eg be defined
by the closure of Cg°([0, T1, R) with respect to the weighted norm

1/2

T T
lvllg = (/ b(t)lonv(t)lzdt—l—/ Iv(t)lzdt) . YWweEl (26
0 0

Lemma 2.4 ([15]) Let0 < B < 1. Foranyu € Eg, one has

[vll;2 < T—ﬂ (/T b(t)loD’sv(t)lzdt)l/z. 2.7
=T+ 1)vbe o '

. 1
Moreover, if B > 7 then

T 1/2
/0 b(t)|onv(t)|2) . 2.8)

@ Springer
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Obviously, the space Eg is also a reflexive and separable Banach space with the morm
1/2

T
lvllp = (/O b(t)lonv(t)lzdt) , VveEf, (2.9)

which is equivalent to (2.6).

Similarly to [17, proposition 3.3], we have the following property of the fractional
derivative space Eg (or Eg ).
Lemma 2.5 Assume that % < « < 1 and the sequence {u,} converges weakly to u in
E(,ie u, — u.Then{u,} converges stronglytou in C([0, T],R), i.e. |luy —ull oo —
0, as n — oo.

In the sequel, X will denote the space Ef x Eg , which is a reflexive Banach space
endowed with the norm

G, v)lIx = llulle + llvllp (2.10)

where ||lu|l, and ||v]ig are defined in (2.5) and (2.9), respectivelly. Obviously, X is
compactly embedded in C°([0, T],R) x C°([0, T], R).

Definition 2.6 By the weak solution of problem (1.1), we mean any (u, v) € X such
that

T T T
/ a(t)oDu(t)o D x(1)dt + / b(t)oDPv(t)o D y(t)dr — / iy u(1))x ()dt
0 0 0
T T
—/0 hz(v(t))y(t)dt—k/o (Fu(t, u(@®), v())x @)+ Fy(t, u(t), v(@))y()) dt =0

for every (x, y) € X.
We define

X T
H,-(x)=/ hi(z)dz, and @i(x)=/ Hi(x(s))ds i=12 (211
0 0

foreveryt € [0, T] and x € R.

Lemma 2.7 Assume that h1, hy : R — R satisfy (1.2) and H;(x), ©;(x), (i = 1, 2)
defined by (2.11). Then the functional © (u, v) : X — R defined by

T T
Ou, v) = ®l(u)+®2(v)=/ Hl(u(t))dt—i—/ Ho@)dt  (2.12)
0 0

is a Gdteaux differentiable sequentially weakly continuous functional on X with com-
pact derivative

T
(Odt + / ha (o) y(0)dt
0
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forevery (x,y) € X.

Proof Suppose that {(u,, v,)} C X, (uy, vy) = (u,v) in X as n — +o00. It follows
from Lemma 2.5 that (u,, v,) converges uinformly to (#, v) on [0, T]. Thus, there
exist constants c1, co > 0 such that |lu,]lcc < ¢1 and ||v,|lcc < ¢ for any n € N.

Then
un (1) L 5 5
|Hi(un (1)) — Hi(u(®))| < Ly /u(t) Islds| = == (lun(OI" + [u(®)]%)
< 2+ i),
and

L
|Hy (v, (1)) — Hy(w())| < L sgﬂwmf+mm%

vy (1)
/ |s|ds
v(r)

L;
57@+M®

foranyn € Nand¢ € [0, T']. Furthermore, Hy (u,(t)) — Hj(u(t)) and Hy(v,(t)) —
H>(v(2)) atevery t € [0, T], and by the Lebesgue Convergence Theorem

T T T
O (un, va) =/ H1(un(t))dt+/ Ha (v, (1))dt —>/ Hy(u(r))dt
0 0 0

T
—I—/ Hy(v(t))dt = ©(u, v).
0

Next we show Gateaux differentiability of ®. Suppose u, x € Ef and s # 0 then

T
2D =W s
0

N
T
</
0

Hi(u +sx) — Hi(u)

—hi(u(t))x()|dt

T
= /0 |h1(u(t) +sE(@)x@)) — hi(u@)||x(1)|dt

2
= Lillxligelst,

Therefore, ®; : Ef — R is a Gateaux

@ Springer
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Analogously, we have that ©5 : Eg — Ris aGateaux differentiable atany v € Eg .
Hence, ® : X — R is a Gateaux differentiable at any (u, v) € X with derivative

T

T
O (. v)(x, ) = /0 (1) x (1)t + /0 ha(u(t)y(1)dr

for every (x, y) € X.
For any three elements (uy, vy), (42, v2) and (x, y) of X, it is easy to see that

T
(©'(u1, v1) = O (U2, v2))(x, y) =/0 (hi(ur) — hi(u2))x(r)dt

T
+ /0 (ha(v1) — ha(u)y(D)dt

T T
< Ll/ Iul—uzllx(t)ldt+L2/ vy —v2|ly(®)|dt
0 0
Lt ool
< uir —u X
= T aQa =1+~ el
LzTﬁ-l—%

+

N e e

which implies
10" (ur, v1) — O (u2, v2)lx < T*(llur — uzlloo + llvi — v21l00),

where

T* = max{ LITOH_% LZT}%% ] .

I(@)vagQa — 1) T(B)v/bo(2B — 1)

Hence ®’ : X — X* is a compact operator.
Similarly to the proof of [16, Theorem 5.1], we have O

Lemma 2.8 Let % <a,B <land(u,v) € X.If (u, v) is a non-trivial weak solution
of problem (1.1), then (u, v) is also a non-trivial solution of problem (1.1).

Our analysis is mainly based on the following critical points theorem of Bonanno
and Molica Bisci [21], which is a more precise result of Ricceri [20, Theorem 2.5]:

Lemma 2.9 ([21, Theorem 2.1]). Let X be a reflexive real Banach space. Let ®, W :
X — R be two Gdteaux differentiable functionals such that ® is sequentially weakly
lower semicontinuous, strongly continuous, and coercive and \V is sequentially weakly
upper semicontinuous. For every r > infx ®, put

Dycd—! (J—oo,r) Y (V) — W(u)
r— ®(u)

El



Infinitely many solutions for fractional differential . . . 597

and

y :=liminf ¢(r), §:= liminf ¢@(r).
r——+00

r—(infy ®)+
Then,

(1) Ify < 4o0and . €]0, %[, the following alternative holds: either the functional
O — WV has a global minimum, or there exists a sequence {u,} of local minima
of ® — \ WV such that liI_'{_l O (u,) = +o0.

n——+0oo

2) If 5 < 400 and \ €]0, %[, the following alternative holds: either there exists
a global minimum of ® which is a local minimum of ® — WV, or there
exists a sequence {u,} of pairwise distinct local minima of ® — \WV, with

lim,,— 400 ®(u,) = infx &, which weakly converges to a global minimum of
D.

3 Main results and proof

In this section, we will state and prove our main results. For convenience, put

, LT L,T?
k:=min{ 1 — >—, 1— 5 , 3.1
(I (a + 1))=ao (T'(B+ 1)?bo
LT L,T?P ]
:=max{ 1+ , . 3.2
P [ T+ D2 (TR + 1) G2
For a given constant 6 € (0, %), set
P(a,0) = b /Ta(t)tz(l_“)dt + /T a@)(t —OT)* 1= gy
20272 0 oT
T T
+/ ait)(t—(1 —O)T)Z(l_"‘)dt—Z/ a()(t>—(1—0)TH)'dt
(1-0)T (1-6)T
T T
—2/ a(t)(tz—GTt)l_“dH-Z/ a(t)(t2—9Tt+9(1—9)T2)1_°‘dt],
0T (1-0)T

and

_ 1 T 2a-p) ! 2(1-p)
0(B,0) = 20272 [/o b(t)t dt +/9T b)) —0T) dt

T T
+/ b(x)(t—(l—9)T)2<1—ﬂ>dt—2/ b)) t>—(1—6)Tt)' Par
1-6)T

1-0T

T
/ b)) —Tt+0(1—-0)T>) ' "Par ]
1-e)T
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For any d > 0 we denote by €2(d) the set
2. Lo 1o
(. y) eRT: S|P+ S yIm =dy. (3.3)

Theorem 3.1 Assume that k > 0 and (HO), (HI) hold. Furthermore
(H2) F(t,x,y) > O0forall (t,x,y) € [0,T] x [0, +00) x [0, +00);
(H3) There exists 6 € (0, %) such that, if we put

T
Jo SUPyi iy <e F (@t %, y)di

Ax 1= lglglilgg &2 , and
1-6)T
Ft, TQ—-a), T'Q2— dt
Boo = lim sup 0T ( ( - )g ( ,B)é:) ’
E—+o00 S
one has
A —— Bwo. 3.4
oo < SMpA 00 (3.4)

where A := max{P(«, 0), Q(B,0)}and M is given in (1.5).
Then, for every

A
'}\,GA:=:|p X [

Boo' 8MAq
problem (1.1) admits an unbounded sequence of weak solutions in X.
Proof Our aim is to apply part (1) of Lemma 2.9 to problem (1.1). We begin by taking
X =Ejf x Eg endowed with the norm || («, v)||x as considered in (2.10). Define the
functional I, : X — R given by

L(u,v) = ®(u,v) — N¥(u,v)
for all (u, v) € X, where

1 1
@, v) = Sl + SVl — O v), (3.5)

and
T
W(u, v) =/ F(t,u(t), v(t))dr. 3.6)
0

Since X is compactly embedded in CO([O T1,R) x CO([0, T1, R), it is well known
3 ) erentiable functional whose Giteaux derivative at
v) € X*, given by
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T
LI"(u,v)(x,y)=/0 (Fu(@, u(t), v()x (@) + Fy(t, u(), v(t))y()) dt

for every (x, y) € X.

We claim that the functional W is a sequentially weakly upper semicontinuous func-
tional on X. Indeed, for fixed (u#, v) € X, suppose that {(u,, v,)} C X, (un,v,) —
(u,v) in X as n — 4o00. Then (u,, v,) converges uinformly to (u, v) on [0, T].
Hence

T T
lim sup W (u,, v,) < / lim sup F(t, uy, v,)dt = / F(t,u,v)dt = ¥V(u,v),
0 0

n— 400 n——+00

which implies that W is sequentially weakly upper semicontinuous. Hence the claim
is true.

As concerns the functional ®, we can show that ® defined by (3.5) is a sequentially
weakly lower semicontinuous, strongly continuous, and coercive functional on X.
In fact, since (1.2) holds for every x1,x2 € R and h1(0) = h2(0) = 0, one has
|hi(x)] < Lilx|,i = 1,2 for all x € R. It follows from (2.3), (2.7) and Lemma 2.5
that

1 5 1 5 T T
<1><u,v>z—||u||a+—||v||ﬁ—‘/0 Hy (o)t —‘/O Ha(o(n)dr

2 2
= = - = H|~dt — — 1)|dt
S llull + Sllvlp — = A |u(2)] > o lv(@)]

1 LT , (1 LT )
(5 T 2T+ 1)>2ao) ke (5 T2 B+ 1))%0) vl

K
2 lullg + v, 3.7

v

v

v

for all (u, v) € X and similarly

O (u, v)

A

1 1 T T
_5||u||§+5||v||,%+‘/ Hy(u(t))dr +‘/ Hy(v(t))d
0 0

(L LT 1 LT )
‘(5 2<r<a+1>>2ao)” Ia ( 20T + 1)%ho )”””"

= S0l + i) (3.8)

A

for all (u, v) € X. So ® is coercive. O

Moreover, @+ O is a continuous functional on X and ®, from Lemma 2.5, is a Gateaux
dlfferentlable sequentlally Weakly contlnuous and therefore continuous on X, then @
not difficult to verify that the functional & is a

Sl LN ZUI_I.ISI I 2 s
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T T
' (u, v)(x, y) = / a(t)oD%u(t)oD¥x (1)dr + / b(t)oDPv(t)oDF y(t)dt
0

T T
_ /0 B u(0)x (1)t — /0 ha(o())y(0)d.

Furthermore, @ is also sequentially weakly lower semicontinuous on X since ® is
sequentially weakly lower semicontinuous, and if (u,, v,) — (#, v) in X then

1 1
lim inf ® (uy,, vy) = lim inf (-||u,,||§ + —||vn||/23) — lim O (up, vy)
n— 00 n—oo \ 2 2 n—00
1 2 1 2
z Slulla + 5 lvlp — ©@, v) = S, v).

It is easy to show that the critical points of the functional /; and the weak solutions
of the problem (1.1) are the same and by Lemma 2.9 we prove our result.
According to (2.1), taking (2.4) and (2.8) into account, one has

2 2 2 2
max |u(t)|” < M|u and max |v(®)|* < M|v
max [u(@) < Mllul} and - max o) < Ml

for every (u, v) € X.
Hence

max (|u(t)[* + [v()*) < M([ul} + [v]3).

1€[0,T]

So, for every r > 0, from the definition of ® and by using (3.7) one has

o '(J—00,r]):={(u,v) e X: q>(u v) < r}
[u MeX: —||u|| —||v||,%_5]
K
(F(a))zao(Za .,
2T2a ; el 5
(F(ﬂ))zbo(Zﬁ 2 _ T
[ , 1 , Mr ]
Clw,v)eX: —|u(t)| +-lw@)<—, for all 1 €[0,T]}.
2 2 K
(3.9)
Set

—1(]_00,,[)\Il(x y)) W (u, v)
r— ®(u,v)
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Note that (0, 0) = 0, and from the condition (H1), ¥ (0, 0) > 0. Hence, for every

r>0,
, (SUP(x et (oo W (X, ) — W (1, v)
pr) = inf
(u,v)ed~L(1—00,r) r— ®(u,v)
< SUPG.y)ee!(-corD W(x,y)
- r
T
SUPG (i, v) <r fO F(t, u, v)dt
r 9

and it follows from (3.9) that

N | =

o(r) <
o(

T
sup/ F(t,u,v)dt
) 0

where @ (M) := {(u,v) € X : $u@®) + Fv@®)* < X, vt € [0, T},
Let {£,} be a sequence of positive numbers such that &, — 400 and

T
lim Jo SUPL 4y <e, F (2, x, y)dt

) = Ay < +00.
n——+o00 En

Put r, := ¢5;&2 foralln € N. Let (u, v) € 7! (] — 00, r4[), by (3.9) one has

Slu@®)”+ zlv®]” < —ry, VE€[0,T],
2 2 K

which implies

2M 2M
()] </ =2 and ()] < ) 2
K K

Hence, for n large enough (r,, > 1)

2Mr,
lu@®] + v <2, = &n.

Thus, foralln € N

M T
o(rn) = " sup F(t,u,v)dt
KEF  (u)eX: Ju@)|+v ()] <& Vre[0,71) o

T

(t,x,y)dt
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Let
y = liminf ¢(7).
r—-+00
Then

y < liminf ¢ (ry,)
n——+00

T
F(t, x, y)dt
M Jo SUPLpsiyi<e, F(E X, Y)
K  n——+o0o ér%
8M

= — Ay < +00.
K

Hence, A €10, %[.

For \ € A, we shall show that the functional I, is unbounded from below. Indeed,
since % > %, we can choose a sequence {1, } of positive numbers and ¢ > 0 such
that n, — 400 and

(1-6)r
1 1 Fit,I'(2—- , T2— dt
1 .. Jor (#, I'( O;)nn 2= B)nm) , (3.10)
I8 pPA U

for n large enough.
Foralln € N, and 6 € (0, %) define w, = (w1.,(t), w2.,(t)) by setting

Le- oy, 1 €10,6T],
win() =1 T2 —a)n, 1e[0T,(1-0)T], (3.11)
L& (T —1), tel(1-6)T,T]

and

ECLEYY 1 € 10,07,
w2 () =1 T2 — B)na, tel0T,(1-0)T], (3.12)
L&D (T —1), 1 €l(1 —O)T, T

Clearly w; ,(0) = w; ,(T) =0and w; , € L2[0, T]fori = 1, 2. A direct calculation
shows that

Bl 1 e0,0T],

oDYw1 (1) = § 217 — (t — OT)' =), te[0T,(1—6)T],

t—0 =0T, rel1-)T,T]
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and

Ll=h, 1 e0,0T],
oD () =1 Jot'F — (1 —6T)'~F), e[0T, (1—O)T],

Bl — -0 P — - Q-0 F), tell-0T,T]

Furthermore,
T ) 0T (1-6)T T )
/ a()|oDf w1, ()|"dt = / / / (a(®)|oDf w1, (1)|"dt
0T (1-0)T
T
My 2(1—a) / 2(1—a)
= — 0t dt D —6T dt
92T2[/0 a(t) + ] aw )
T
+ / a@t)(t — (1 —6)T)*1 =94z
(1-6)T
T
-2 / at) > —0TH)' ~%dt
0T
T
—2/ at)(t®> — (1 —0)TH' " %dr
(1-6)T1
T
+2/ at)(t®> — 0Tt +0(1 —9)T2)1—°‘dt]
(1-)T1
= 2P(a, 0)1;,
and

T 5 0T a-0T 5
/ b(1)]oDPwnn(t) Pt = / / / b(0)loDP wn (1) 2d1
0 oT 1-6)T

T
_ [ / b)) P dr + / b(t)(t — 0T Py
0 orT

6272

T
+/ b)(t — (1 —0)T)*1=Pg;
(1-6)T

T
—2/ b)(t* — 0T " Pdr
oT
T
—2/ b)Yt — (A —0)TH' Pdr
(

1-0)T

T
+2/ b)t> =Tt +60(1 — 9)T2)1_’3dt]
(1-60)T
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Thus, w, € X, and
2 ! 2 2
lotnlly =/ a()|oDf w1,x(1)]7dt = 2P (a, O)1,,
0
! B 2 2
lonulll = /0 b(1)|oDf w2, (1) Pdt = 20(B. O)n?.
This and (3.8) imply that

1 1
D@1, @2.0) = = l01all2 + S llw2nllf — O@10, @2,0)
2 2 p

0
= SUonallg + leznl3)
= p(P(a,0) + Q(B, 02 < pAn?. (3.13)

From (H2), we have

0T 1—)T
\Ij(wl ns W2, n) = / / / F(, @D1,n, a)Z,n)dt
0T 1-0)T

—-T
Z/ F(t, W1,n, wZ,n)dt
0T

(1-0)T
= / F,TQ2—0o)n,, I'2— B)ny)dt. (3.14)
0T

According to (3.10), (3.13) and (3.14), we have

I)\(wl,n: w2,n) = q)(wl,n’ C02,11) -\ \I/(wl,n’ w2,n)

(1-0T
< p(P(a, 0) + Q(B, O))n2 — x/eT

xF@, T'Q2—a)n, I'2— B)n.)dt
< pA(l —nem?.

for n large enough. Taking into account the choice of ¢, the above inequality shows
that

lim (w14, w2,,) = —00,
n——+00

which implies the functional 7, is unbounded from below and the claim follows.
By using the case (1) of Lemma 2.9, the functional I, has a sequence {(u;, v,)}

of critical points such that ®(u,,v,) — -+oo. From (2.10) and (3.8), we get

280nv) \which implies || (i, va)|lx — 00, and the proof of
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Theorem 3.2 Assume that k > 0 and (HO), (H2) hold. Furthermore
(H4) F(t,0,0) =0forallt €[0,T].
(HS) There exists 0 € (0, %) such that, if we put

T
Jo SuPyx1iyi<e F @, x, y)di

Ag = hgril) %,Iif %) and
. T F T2 - g T2~ B8)dt
By := lim sup 5 ,
£—0t s
one has
Ao < —— B (3.15)
0= gMpa " ‘

where A = max{P(«,0), Q(B,0)}and M is given in (1.5).
Then, for every

PA K

A/ == )

he ] By SMAO[

problem (1.1) admits a sequence {(u,, v,)} of weak solutions such that (u,, v,) —
(0, 0).

Proof Our goal is to apply part (2) of Lemma 2.9 to ® and ¥ defined in (3.3) and
(3.4) respectively. As it has been pointed out before, the functionals ®, W satisfy the
assumptions regularity required in Lemma 2.9.

Since F(¢,0,0) = 0 forallt € [0, T]. Then min(, y)ex P, v) = ®(0,0) = 0.
Let {¢,} be a sequence of positive numbers such that §, — 0 and

T
i Jo SUPL 4iy1<g, F(E. X, y)dt
m
n—+o00 é‘nz

= Ap < +o0.

Setting r, = #;nz for all n € N, and working as in the proof of Theorem 3.1, we
can show that

T
SM su F(t,x,y)dt 8M

§= liminf @) <-—- lim o p""+'y'<f2" DSy,

r—(infy ®)* K n—>+4o0 g

and so A’ C]0, %[.
Now fix ) as in the conclusion, then

(1-6)T

F(1, T2 —a)E, T2 — B)&)dt
g2 ’
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and there exist a sequence {7, } of positive numbers and a constant £ such that 7,, < %

and

lim 9(71"_0)T F(t,I'2C—-a)t,, '2— B)r.)dt
n—4o00 Tr%
= lim sup or (T2 =), T2~ p)&)dt
£—>0t 52 s
and in addition
l <& < L lim 6’(71"_0)T Fit, T2 —-a)t,, ['2— B)t,)dt
A ! PA n—+oo Ir% .

Foralln € N, and 6 € (0, 1) define w, = (01,4 (1), @2,4(1)) by setting

L& 0w, 1 e0,0T],
wint) =12 -7, e[0T, (1-6)T],
LeDu(r — 1), 1€l -7, 7]

and

Te—pru; ¢ e [0,67],
na(t)=3TQ =P, tel0T,(1-0)T],
%(T —1), tell—-6)T,T].

Clearly w; ,(0) = w; ,(T) = 0fori = 1,2, and {w,} converges strongly to (0, 0) in
X. By the same arguing as inside in Theorem 3.1, we have

L1, w2,) = P(w1,0, @2,0) — NV ( 01,5, 02,0)
1-0)T
< p(P(a, 0)+0(B, 9))7,,2—)»/ F(t,T2—a)t,, ' 2—p)1y)dt
0T

< pA(l — )\81)1'”2
<0=16(0,0).

for n large enough. This together with the fact that ||w, || x = (@10, @2.2)llx — 0
shows that I, has not a local minimum at zero, and the claim follows.

The alternative of Lemma 2.9 case (2) ensures the existence of sequence {(u;,, v,)}
of pairwise distinct local minima of /; which weakly converges to (0, 0). This com-
pletes the proof of Theorem 3.2.

Finally, we present an example to illustrate our main results. m|
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Example 3.3 Consider the following fractional differential system:

(DY (2 +1) - oDYu(t)) = n Fu(t,u(0), v(®) + §sinu(@), 0<t<1,
DS ((1+6%) - oDPBu(0) = Fy(t, u(0), )+ 30O +I—1, 0 <1 <1,
w(0) = u(1) =0, v(0) =uv(l) =0,

(3.16)

where T = 1, @ = 0.75,8 = 08,a(t) = 2+1,b(t) = 1 +¢3, and h1(u) =
%sin u(t), hp(v) = %«3/1)(1‘) +1 — 1. Moreover, for all (¢, u,v) € [0, 1] x R?, put
F(t,u,v) = (1413 H(u, v), where

_ 1
Huv) = (§n+1)3€ 1—[(1470‘90645,’_“)2+(u—09182§n+1)2] Cwweq.
0, (u,v) € R*\Q,

where

Q=[] _ (@v):@—0.906451)° + (v —0.9182%,.1)% < 1},

and & = 1, &1 = n(&,)3 + 1 foralln € N.

Obviously, h1,h> : R — R are two Lipschitz continuous functions with the
Lipschitz constants L = }t, L, = é and i1 (0) = hp(0) =0; F(¢,0,0) = 0 for all
t € [0, 1]. With the aid of direct computation we have that ag = 2, by = 1, and

M =~ 1.2302, k ~0.8520, p ~ 1.1480.
Letd = A—lt, then we have
P(a,0) = P(0.75,0.25) =~ 7.9576, Q(B,0) = 0(0.8,0.25) ~ 4.4641,

hence A = 7.9576. Then all conditions of Thorem 3.1 are satisfid. In fact, the con-
ditions (HO), (H1) and (H2) hold. For every n € N, the restriction of H (u, v) on Q
attains its maximum in (0.9064§,41, 0.9182¢,11) and

H(0.9064&,1,0.91828,11) = (&,q1) e .

Moreover,

u,v) = (&) !,

@ Springer
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and so

S+ 2)H(0.90648, 11, 0.91828, 4 1)dt

By = 1lim su
%0 P Enr1)?

_9% . (Ens1)Pe!
1m

T 61 notoo (Ent1)? =T

and

fOT(l +1%) sup H(u, v)dt
Ao — liminf | +v]<0.9064%, 1~ 1
o =

n—-+00 (0.9064&,.1 — 1)?
i (En)e!
=—- lm
3 n—+o0 (0.9064&,41 — 1)2

K
—0<-—_B.,
= 8MpA ™

which implies that the condition (H3) holds. Hence, owing to Theorem 3.1, for each
n €]0, + oo[, the coupled system (3.16) admits an unbounded sequence of weak
solutions.
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